A similarity transformation is given, which reduces the partial, nonlinear differential equations describing a compressible, polytropic plasma flow across an azimuthal magnetic field in a duct with plane inclined walls to an ordinary nonlinear differential equation of second order. The latter is solved rigorously in terms of a hyperelliptic integral. The form of the plasma flow fields in pure outflows (diffuser) is discussed analytically in dependence of the Reynolds (R) and Hartmann (H) numbers and the polytropic coefficient (y) for given duct angles 0O . The realizable Mach numbers are shown to be eigenvalues of the nonlinear boundary-value problem, M=MX{R, H, y,60). The flow solutions are different in type for Hartmann numbers H 1) below and 2) above a critical Hartmann number Hc defined by tfc2= [2(y -1)/(y +1)]R+ [2 y/(y +1)]2. Some of the eigenvalues Mx are calculated and the associated velocity profiles are represented graphically for prescribed flow parameters.
I. Introduction
The resolution of nonlinear partial differential equations can frequently be reduced to the analysis of ordinary nonlinear differential equations by means of so-called similarity transformations 1. Thus, rigor ous solutions have been found in the theory of in compressible, viscous fluids2' 3 and compressible, nonviscous gases 4-7. This investigation is concerned with the divergent, compressible flow of a viscous plasma across an azimuthal magnetic field in a duct with plane, inclined walls (Jeffery-Hamel flow)2' 3. As usual in the mathematical theory of compressible gases and plasma 8' 9, conservation of energy is taken into account by means of a polytropic energy inte gral with polytropic coefficient y(0 7^oo, y = 0, 1, and oo correspond to isobaric, isothermal and incompressible flow, respectively).
It is shown that a similarity transformation of the structure F(r, 0) = r~m G{6) exists for the plasma fields (with different power "m" and function "G" for different fields) which transforms the nonlinear partial differential equations of the compressible flow into an ordinary nonlinear differential equation of second order for the amplitude g (0 ) of the radial velocity field, u{r, 0) -r~~n g (0 ). The solution of the latter differential equation is given in terms of a hyperelliptic integral which is evaluated analyti cally for large Reynolds numbers as of physical in terest. The theory presents information on the de pendence of the velocity, pressure and density distri butions on the Reynolds (R), Hartmann (//), poly * Supported in part by the US Office of Naval Research. tropic (y) numbers and duct angles (0O ) in out flows. The Mach number is shown to be an eigenvalue of the nonlinear boundary-value problem, M = MX(R, H, y, 0O ).
In the limiting case of vanishing electrical con ductivity or magnetic field, the similarity theory describes the compressible, viscous flow of an ordi nary gas in a diffuser, a previously unsolved problem of gas dynamics. If, in addition, the limiting process, y->oc, is carried through, the solution reduces to one obtained in connection with the classical investi gations on the incompressible outflow of a viscous fluid between inclined walls by Jeffery and Hamel 2' 3.
II. Formulation of Problem
Let cylindrical coordinates (r, 0, z) be introduced for the description of the Jeffery-Hamel plasma flow ( Figure 1 ). The plasma flow is bounded in the planes ( 0 = + 0 o, rx ^ r r2) and (6 = -60 , r j^r^r o ) by insulating walls, and quasi-unbounded in the directions parallel to the z-axis. The latter assumption is applicable to a finite diffuser with electrode plates at z = ± z 00, where zoc^>1/2(r1 + r2)00 . The injection (r = r1) and removal (r = r2) of the plasma occurs in a selfsimilar way. In fluid dynamic experiments, this is commonly realized by putting the diffuser into a much larger, similar dif fuser through which the working gas is pumped at the desired rate 10 ( Figure 1 ). ■ n / Fig. 1 . Geometry of duct with azimuthal magnetic field (qua litative velocity profile).
The magnetic field has its sources in an electric cur rent I flowing through a conducting rod (0^r<^ro, -^o^z^ + ct, r " < r j). In accordance with Stokes' law, § B • ds = ju0 /, the magnetic field is azimuthal (/<0 = permeability of vacuum), and has the induction B 2 rr e 6, r0 ^ r < cv .
In absence of flow sources or sinks at the inclined walls, the velocity field is radial, if the accelerating force fields are radial,
The flow of the plasma (conductivity o) across the magnetic field induces an axial current density field (Hall-effect disregarded) 11
The resulting Lorentz force density is a purely radial field which opposes the inducting flow, j x B = -o{Ez + uB 0) B0e r .
Because of V X E = 0, V j = a (V E + B • V XV -V -V X B) = tf V 'E = 0' and the boundary con ditions at z = z ±00, the electric field vanishes, E = Ez e z= 0 , for Ez = i 0.
The axial current density )z flows through the planes 2 = ± Zoo (electrodes) and forms an electrical cur rent J in the external circuit,
The Eqs. (1) - (6) are based on the assumption that the induced magnetic field is small compared to the external magnetic field, which implies small magnetic Reynolds numbers,
This condition is satisfied in many experiments, operating at temperature levels, for which the plasma is weakly or partially ionized.
After the preparations in Eqs. 
i (8) 
u(r,Q) r = 7 -0i e=J = « o > 0-e 0< e < + e 0,
and ( ) = + f % u ) r d 0 , Q > 0; (13) -0o u ( r ,0 ) r .,U M = g { 0 ) r l f , + e 0 .
In the solution of this boundary-value problem, two integration constants [g (0 ),C ] and one separation constant (x) appear, which are determined by Equa tions (11) -(12). Equation (11) contains the boundary conditions for zero slip at the walls and the symmetry conditions. Equation (12) specifies that the velocity at an appropriate point (ro,0) of the flow is prescribed, u (r0, 0) = u0 > 0. In Equation (13) , the first relation gives the flow rate Q per unit length (Zlz = l) associated with u0, and vice versa [() = Q (m0) ], and the second relation specifies that the plasma has to be injected at some nonvanishing radius r = r1> 0 and extracted at some finite radius r = r2< oo in a selfsimilar way. g{0) represents the azimuthal dependence of similarity solution to be derived.
In the momentum conservation equation [Eqs. The polytropic number y is a phenomenological plasma parameter, except for quasi-adiabatic condi tions where y ^ cpjcv 9.
For mathematical convenience, the nonlinear boundary-value problem in Eqs. (7) - (13) 
where
ü(r,6)r= 1,0 = 0 = 1, -0O< 0 < + 0O , (19) and
In Eqs. 
M2 = u02/ ( y PJ Q0); R = u0r0/(ju/Q0), (22); (23) and P = P/Po » Q = q/qo» u = u/u0, g = g/g0, r = r/r0 ; p0 == p (r0, 0) ^ 0 (24) = ¥=0, u0 = u (r0,G) ± 0 , g0 = g(0) = f= 0 .
It should be noted that u0 and p0 are not indepen dent for given values of M and R, and vice versa, since M2/R = (ju/y r0)u0/p0. A suitable choice of reference values for applications is, e. g., Po = P(r0,0 ), Q0 = Q(r0,0 ), u0 = M(r0,0 ), ^0 = 5f(0),
since the flow values at a fixed point r0 along the central streamline 0 = 0 are most likely those to be known from experiments. The designations of dimensionless variables by a tilde is dispensed with in the following.
III. Similarity Solution
The continuity Eq. (16) indicates that the flow density field Q u is a selfsimilar function of r and 0,
where /(0) has been generated by integration with respect to r. For the velocity field u, a similarity ansatz is made in the form u ( r , 6 ) = r -mg(Q) .
It is seen by comparison of Eqs. (26) and (27), that the density field has the selfsimilar structure From the identity of Eqs. (36) and (39) it follows that the similarity transformation does not permit a homogeneous over-pressure 12, and that
Equation (42) In Eq. (49), 0 is an arbitrary reference angle, -0O ^ 0 ^ 0O, and the associated g(6) the remaining inte gration constant. Similarly, the integration constant C is related to the root g, for which P{g) = [dg/d0] 7j=f, = 0, by
The general solution given in Eq. (49) represents a hyperelliptic integral13 for any y = /= 0, I, 00.
A binomial expansion of the transcendental term in Eq. (43) leads to the semi-convergent expansions for P(g) and C: 
In the limit of large Reynolds numbers, the density and pressure fields depend only on the radial (r) but no longer on the transverse (0) The integration constant is positive,
since g{0 = ± 0 O ) = 0 by Equation (44). Equation (76) 
Accordingly, the roots of the trinomial are explicitly in terms of g 9 = 9 9 = 9+ , 9 = 9-> g +^g~ if g ± = real, 
is negative, since (d^/d0)2 ^ 0 for any -0O ^ 0 < + 0O. Equation (86) may be interpreted as the energy conservation equation for a fictitious particle of mass m = l, kinetic energy 1/2(dgr/d0)2, potential energy V (g), and total energy E = 0 (<7 ^ displace ment, 0 ^ time). The locations of the minimum ( + ) and maximum ( -) of the potenial V (g) are 
The eigenvalue is determined by the boundary condition in Ecj. (44),
The flow rate is in Case 2: (49), since the expansion for large R breaks down for * 0. In Fig. 2 , the remaining case 3 has only a formal mathematical meaning. Since 2t = 9 (0) = 1 (0 = 0) and 22.3 < 0 in case 3, the Eqs. (80) and (81) can be satisfied (simultaneously) only for 0, but not for x > 0 . Accordingly, the case 3 would imply imaginary Mach numbers M [Eq. (72)], and is, therefore, of no physical meaning. It is interesting that for the incompressible flow solutions with nega tive «-values are considered to be of physical re levance 2' 3, since for y = oc a similarity transfor mation exists with a positive overpressure so that p{r, 0) > 0 for * < O ( '0 |< 0 o, r > r x).
VI. Discussion
It is experimentally known that laminar, com pressible flows cannot be realized in diverging ducts (diffusers, wind tunnels, nozzles) at arbitrary Mach numbers M for a fixed duct angle 0O . With increas ing Reynolds number R, laminar outflows are ob served only for sufficiently small duct angles 0O because of boundary-layer separation. In the case of plasmas, laminar flows have been observed for large dunct angles, 0 ^ 0O < ti, if the magnetic field be is larger than a critical value. These observations can be explained quantitatively by further inspec tion of the solutions derived under Case 1 and Case 2. For extremely large eigenvalues, x u 1, one has asymptotically 1 = (2 R /Q ) iux u > l , x u > \ ,
by Eqs. 
where 0O° has to be determined numerically from Eqs. (43) - (45) Table 1 . Table I . Eigenvalues , x) and Mach numbers (M, M) for given parameters 7t and 72. 
VII. Conclusions
A closed form similarity solution is feasible for the compressible Jeffery-Hamel outflow (diffuser) of a plasma across an azimuthal magnetic field. The solution is different in type depending on whether the Hartmann number is 1) //< //,. or 2) //> //,.. These solutions exist for a limited range of duct angles, 0 < 0 0< 0 0c<rr, in Case 1) and for all duct angles, 0 < 0 0< a , in Case 2 (stabilizing effect of the magnetic field). The velocity profile and bound ary layer are affected weakly in Case 1), and strongly in Case 2) by the magnetic field. The so lutions depend only on the normalized coordinates r = r/r0, 0 = G/60, and the parameters I1= J 1 (R, }', 00) and I2 = Io (7?, H, y), i.e. are the same if R, H, y, and 00 are varied (within their limits) such that 71 and / 2 are left unchanged. The Mach number M occurs as an eigenvalue. The (outflow) solutions are unique, since the higher eigenvalues lead to phy sically meaningless solutions.
The problem arose in connection with experi ments on compressible plasma flows across inhomo geneous magnetic fields in diverging ducts 16~17.
